Math 307 - Differential Equations - Spring 2017

Exam 2 Solutions

Problem 1.

(a) The characteristic equation is

=2 —5r+6=(r—-1)r+2)(r—-3)=0

so the roots are r = 1,—2,3 meaning the solution is
y = c1€” 4 coe” % 4 cpe’”.
(b) The characteristic equation is
8- 9=+ -1 =" +9)r+1)(r—-1)=0
so the roots are r = —3i, 31, —1,1 meaning the solution is
Y = €1 083X + co8in 3x + cze” * 4 cyue”.
(¢) The characteristic equation is
=3 +3r—1=(r—1>°=0
so the root r =1 is repeated 2 times meaning the solution is
Yy = cre” + coxe” + cox’e”.
(d) The characteristic equation is
8+ 16 = (1P +4)* =0
so the roots are r = —21,2i and they are each repeated once meaning the solution is
Y = €1 €08 2T + Co 8in 2 + c3x cos 22 + ¢4z sin 2.
(e) The indicial equation is
m(m—1)(m—=2)+mm—1)—=2m+2=m>-2m* —m+2=(m+1)(m—2)(m—1) =0

so the roots are m = —1,1,2 meaning the solution is

Y= clx’1 + coxr + c3:c2.
(f) The indicial equation is

m(m —1)(m —2)(m —3) +4m(m — 1)(m —2) +3m(m —1) —m + 1

m* —o2m? +2m? —2m + 1

= mM*+1)(m-1>%=0
so the roots are m = —1i,4,1 where 1 is repeated once meaning the solution is

y = cpcos(lnz) + casin(lnx) + ez + cyx In .
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Problem 2.

(a) Notice that the homogeneous equation here is the same as in Problem 1c, so the only root
1s v = 1, repeated two times. Since the root is repeated, we need to use extra powers of x
in the guess for the 3e® part of the particular solution. The guess we should make for the
particular solution is

"

Yp

Yp = Az3e® + Bcos 2z + C'sin 2.

Now, we take the required derivatives

Yp = Ax3e® + Bcos2x + C'sin 2x

y, = 3Az%e"

+ Az3e® — 2B sin 22 + 2C cos 2z

yg = 6Axe” + 3Ax%e” + 3Ax%e” + Axde” — 4B cos 2z — 4C sin 2z
= 6Axe” + 6Ax%e” + AxPe” — 4B cos 2x — 4C sin 2z

y, = 6Ae” +6Are” + 12Axe” + 6Az%e” + 3Ax?e” + AxPe® + 8B sin 2o — 8C cos 2z
= 6Ae” + 18Aze” + 12Az%e" + Ax’e” + 8B sin 2z — 8C cos 2z

and plug them into the differential equation and gather like terms

— 3y, + 3y, — Yp

= 6Ae” + 18Aze” + 9Az’e” + Ax’e” + 8B sin 2z — 8C cos 2z
—3(6Axe” + 6Ax%e” + Axde” — 4B cos 2z — 4C sin 2z)
+3(3Ax%e” 4 Aze” — 2B sin 22 + 20 cos 2z)
—(Az*e” 4+ B cos 2z + C'sin 2z)
= (6A)e” + (18A — 18A)we” + (9A — 18A + 9A)z?e” + (A — 3A+ 3A — A)z’e”
+(8B +12C — 6B — C)sin 2z + (—8C + 12B + 6C — B) cos 2x
= 6A4¢” + (2B + 11C)sin2z + (11B — 2C') cos 2x
= 3e" 4+ 25cos2x

This gives us the system of equations

6A
2B+11C = 0
11B-2C = 25

1 11 2
Solving this system gives us A = 5 B = 5 and C = —x so the particular solution is
1 11 2
Yp = Exgew + 5 cos2x — R sin 2x

and combining with the answer from Problem 1c we get the general solution

1
y = c1e” + coxe” + cox’e” + §x36x + 5 cos 21 — R sin 2.

(b) The homogeneous part of this equation is the same as in Problem 1e, so we get that

1 2
1= Y2 =2,Y3 =2
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For a third order equation, we set y = uiy; + usya + usys and the system of equations for
Variation of Parameters becomes

uyr + upys + ougys = 0
uyyy + upyy + ougys = 0
wyl - ouyy o+ ouyy =
where p(x) is the coefficient of the y" term. Thus the system for this problem is
w4+ uhr 4+ uhr? = 0 (1)
—ur™? 4+ uy + 2uhr = ) 0 (2)
2ujz3 + 2y = H=a' (3
Taking 2 times equation (1) and subtracting x* times equation (3) gives
Quyr = —x
50
, 1
UQ:_§.

Now, taking equation (1) and adding x times equation (2) gives

2uh + 3upr® = 0

. , 1 . . .
and plugging ug = —3 i this equation gives
1
wy = =7t
53
Plus this into equation (3) to get
1
u/ — _x2
G
Now we integrate each of the u to get
1 1
=1 = u=—13+c¢
76 UEETRE
1
Uuy=—= = up=—=x+c
272 S R
UL zlx_l = —lnz+c
573 3 ’

This gives us the general solution

1 3. = 1 n n 11 n 2
= —x c1 | x ——T+co |2 —Inx+c|x
Yy 18 1 5 2 3 3

which if we multiply out we see there’s some x° terms that we can absorb into cs so the
simplified answer is

1
Yy = x4 com + csx? + §x2 Inzx

and that a particular solution is

1
Yp = —2?Inz.

3
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Problem 3.
. o dy dv  d% . . .
(a) Making the substitution v = T e also have T = a2 that the differential equation
x x x
becomes
dv
— =2(v* — ).
T (v° —v)
Separating this gives
1 2
5 dv = —dx.
v?—w x

Since we divided by v?> — v we must check if the zeros of that are constant solutions. The
zeros are v =0 and v = 1, which we can easily check are actually solutions. Integrating the
above equation (use partial fractions on the v side) gives

Injv —1| —In|v| =2In|z|+ C

and simplifying both sides gives

In |2 ’:lnxQ—i—C.
v
FExponentiate both sides to get
-1 1
v =1--=02"
v v
and solve for v to get
1
V= ——s.
1 —Ca?

d
Since v = d—y, we need to integrate this one more time. The way this is integrated is different
x

if C >0 or C <0, so we consider the two cases separately (if C =0, then v = 1 which we
have already accounted for).
(C'>0) Let C = a?, then

1 1 2 12
v = = = .
1—a?2? (1+4azr)(l—ax) l4axr 1—ax

Integrating this gives

1+ ax
1—ax

1
y:/v dx:Z(ln]l+am|—ln\1—ax!)+0:%m

(C'<0) Let C = —a?, then
B 1
T T+ a2
and integrating this gives

1
y:/v dr = — arctan ax + C.

a
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Now, the constant solutions v =0 and v =1 give the solutions y = C and y = x+ C, so the
full collection of possible solutions is

1+ ax

1
= —1 C

Y 2an‘1—ax *
1

y = —arctanax + C
a

y = C

y = z+C

By the chain rule,
d2y_ d _dvdy  dv dv

V=0V—"

A e i
as desired.

d
Using what we found in part (b) we again make the substitution v = d_v and get
x
d
yv—v = v+ 20.
dy

We can separate this by dividing by y(v? +v) (!Inotice that v =0 and v = —2 are zeros of
the thing we’re dividing by and check that they do satisfy the differential equation!!) to get

1 1
dv = —dy.
v+ 2 Y
Let’s briefly look at the solutions v = 0 and v = —2. These give the solutions y = ¢ and
y = —2x + ¢ to the original differential equation.

Back to the differential equation: Integrate both sides
Injv+2| = |yl + .

Now we exponentiate both sides and end up with

v+ 2=cy.
Now, since v = d—y we will subtract 2 from both sides to get
x
dy
—— =y —2
dr 1Y

which is separable. Divide by ¢y — 2 (!we should check if this is zero, which it is at y = 62—1

which is actually covered by the solution coming from v =0 above!!) to get

dy =d
cly—2y ¢

which we integrate to get

—In|ay —2| =2+ co.

C1
Multiply by cq

In|cy — 2| = 1z + o
(we can absorb the ¢ into the cy) and then exponentiate

Yy — 2 = eI = cyet®,



This gives the solution

1
= _ ar _92).
Yy o (026 )

So, collecting all of the solutions gives

- azr _ 9
v o= e =)
y = ¢
y = —2r+c

Problem 4.
(a)

(10)°  @@0) (0>  (i0)° (0" (i0)°
o T T Ty Tt e
e e i et i
T TR TR TR

O i 6 io°

(90 62 64 ) ,(9 63 6 >

or 20 4l 3 5l
B f: (_1)n92n +Z§: (_1)n92n+1
— (2n)! — (2n+1)!

= cosf +isinf
(b) Simply plug 6@ = m into Euler’s formula
€™ =cosm+isinm = —1
so moving the —1 to the other side gives
e 4+1=0.
Problem 5.
a) Differentiate W = y1y, — yjyo with respect to x to get
Y1Ya — Y1y P g
W= 195 + ys — YiYe — Y1¥s = 1Yy — Y1¥e
Since y; and yo are solutions of y" + p(z)y + q(x)y = 0, we have
yi o)y +alx)y = 0
ys +p(@)ys +a(@)ye = 0
which we use to replace yy and yh in the derivative of W. Solving for y{ and yj gives
vi = —p@)y; —q(@x)n
vy = —p@)ys — q(@)ys



now plug them in the equation for W':
W' = iy — Yy
= yi(=p(@)ys — ¢(x)y2) = (=p(x)yr — a(x)y1)y>
= —p(@)yys — a(@)y1ye + p(2)y1y + a(2)y1y2
= —p(@)y11s + p(2)y192
= —p(@)(y195 — Y1y2)
= —p(x)W
the desired equation.
The differential equation W' = —p(x)W is separable, and to separate it we divide by W.
Notice that W = 0 is a solution of the differential equation, so now we assume that W # 0.
Then after separating we get

1
WdW = —p(x)dx.

We have the initial value of W at x = x¢ is W(xg), so incorporating the initial value into

the solution we have
w 1 T
/ —ds = / —p(t)dt
W (xo) S o

w

1

[ s = )Y oy = 1 W]~ W ()] = In
W(QC()) S

The left-hand integral is

W (o)
and setting it equal to the right hand integral gives

| =~ 0

Eponentiate both sides of the last equation in part (b) to get

a7 (- 0]

and multiplying W (xq) to the other side gives

W = W (wo)exp <— / p(t)dt)

In

which is Abel’s formula!



